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1. Introduction

Supervised deep learning has achieved promising results
in image classification (Tan and Le, 2021), object detection,
and semantic segmentation, enabling a plethora of down-
stream applications. Many of these tasks rely on convolu-
tional neural network (CNNs) architectures for feature ex-
traction. Despite these successes, the optimization of deep
convolutional neural networks remains poorly understood:
how these networks do so well remains a black box.

In contrast to traditional optimization techniques fo-
cus on convex problem—which often have provable con-
vergence guarantees or even polynomial-time solutions—
deep neural networks are highly non-convex. Deep neu-
ral networks are generally constructed by alternating affine
transformations with nonlinearities, then interspersing nor-
malization (Ba et al., 2016; Ioffe and Szegedy, 2015),
skip/residual-connections (He et al., 2015; Huang et al.,
2018), or pooling operators (LeCun et al., 1989; Lecun
et al., 1998a) across layers. With layer counts in the hun-
dreds, it is non-trivial to reason rigorously about the dy-
namics of deep neural networks. This means that neural
network optimization often relies on experimentation and
heuristics with respect to hyperparameter and architectural
choices, which can be time-consuming and come with few
rigorous guarantees. This motivates the exploration of more
principled approaches for optimizing deep neural networks.

Recent work has used convex optimization principles
to enable a more theoretically-grounded understanding of
convolutional neural network optimization, including sub-
network training (as in dropout) (Chen and Wang, 2014),
convex relaxations of filters (Zhang et al., 2017), and an ex-
act convex formulation (Ergen and Pilanci, 2021). These
insights leverage component-wise or layer-wise convexity
structures inside deep neural networks. In particular, we
build on the work of Ergen and Pilanci (2021), which pro-
vides invaluable insight for two- and three-layer convolu-
tional architectures. However, whether this formulation can
enable higher-performance deep networks remains an open
question.

We take an empirical approach to scaling up convex op-
timization of convolutional neural networks to deep archi-
tectures. Our project seeks to 1) validate the convex formu-
lation of CNNs in Ergen and Pilanci (2021) for deep CNNs
via greedy layer-wise training (Belilovsky et al., 2019),
and 2) qualitatively understand optimal solutions generated
by layer-wise convex formulations of CNNs through fil-
ter visualization. In this milestone report, we introduce
preliminaries and our methods, then overview progress on
our layer-wise training experiments and filter visualization
pipeline.

2. Problem Statement

As our project centers around a first attempt at greedy
layer-wise training of shallow convex networks, we con-
sider in the first thrust of this project the C-class classi-
fication tasks posed by benchmark datasets like CIFAR-
10 (Krizhevsky, 2009) and Imagenet (Deng et al., 2009).
Specifically, we are interested in (1) the trajectory of train-
ing loss as a way of understanding how training dynam-
ics might compare against classical methods, as well as (2)
training and test accuracy to get a sense of whether such
an approach might be effective in practice. In the second
thrust of this project, we seek to investigate how the image
features learned by this network formulation might differ
from classical formulations. To this end, we visualize and
compare the weights learned by both formulations.

In this milestone in particular, we present preliminary re-
sults for shallow networks using CIFAR-10 and show that
in our implementations, the convex formulation indeed has
more favorable training dynamics as well as performance
on both training and test sets. We also show that the filters
learned by either network are markedly different in natu-
ral ways, and provides insight into why the convex network
formulation may be effective beyond those provided by in-
spection of the optimization problem.
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3. Technical Approach
Let X ,Y be the input manifold and vector-valued

label space. Following the empirical risk minimization
framework (Vapnik, 1991), we learn a predictor function
parameterized by θ ∈ Θ defined by fθ : X → Y such that
Eθ∼Θ,(x,y)∈S [`(fθ(x, y)] is minimized over a training set
S = {(x(1), y(1)), . . . , (x(m), y(m))}, where ` is convex.
Following Ergen and Pilanci (2021), we take ` to be the
mean-squared loss function.

For our learner function fθ, we use the convex for-
mulation of a two-layer CNN as detailed in Ergen and
Pilanci (2021) with the following layers: Conv2D-ReLU-
GlobalAveragePool-Linear. At a high level, a convolutional
neural network works by applying filters of area h to
image patches of area h via element-wise multiplication;
the output is constructed by aggregating the results of
the patch-filter multiplications over all patches and filters
followed by a ReLU. The average pool operation averages
over all spatial dimensions. Decomposing the parameters
θ layer-wise, we let θ := {u1, . . . ,um,w} denote the m
filter and linear layer weights, respectively. Representing
x ∈ X as an array of K patches {X1, X2, . . . , XK} each
of size h (i.e. inputs to each filter), the forward pass of the
model is

f(x) =

m∑
j=1

wj

K∑
k=1

(Xkuj)+. (1)

This outputs a scalar-valued “score,” which is generalized to
multi-class classification by creating C independent copies
of θ and summing loss across classes. Class predictions are
obtained by taking the argmax over class scores. The primal
objective, which is non-convex, can be written as

minimize
1

2
‖f(x)− y‖22 +

β

2

m∑
i=1

(‖ui‖22 + w2
i ) (2)

which is provably equivalent by Ergen and Pilanci (2021) to
the convex problem

minimize
1

2

∥∥∥∥∥
Pconv∑
i=1

K∑
k=1

D(Ski )Xkvi − y

∥∥∥∥∥
2

2

+
β

2

m∑
i=1

(‖vi‖22)

(3)

subject to (In − 2D(Ski ))Xkvi ≤ 0,∀i, k

in variables vi, a reparameterization of θ. Note that D(Ski )
represents a diagonal sign matrix.1

While for this milestone we provide results for a sin-
gle Conv2D-ReLU-GlobalAveragePool-Linear block, our

1Formally: D is the diagonalization operator that converts a vector to a
diagonal matrix with corresponding entires. Furthermore, S ∈ {±1}h, so
D(S) is a diagonal matrix with ±1 entries on the main diagonal.

ultimate goal is to construct layer-wise-trained networks
wherein new layers are trained by freezing all past lay-
ers, creating a “frozen” neural network. We then use out-
put of the last convolutional layer from the frozen net-
work as input to the new layer, which is a Conv2D-ReLU-
GlobalAveragePool-Linear block as before, adapting the
strategy from Belilovsky et al. (2019).

4. Dataset
As noted previously, we use the CIFAR-10

dataset (Krizhevsky, 2009) for initial tests, which has
dimensionality 32 × 32 × 3. It contains 10 classes with
6, 000 images per class, of which 5, 000 are considered
training and the remaining considered test. We will evaluate
our model based on two considerations: the trajectory of
training loss versus the analogous non-convex formulation,
and accuracy, as measured by classification performance,
and which allows us to easily make broader comparisons
to other models. In particular, potential “models to beat”
include AlexNet (Krizhevsky et al., 2012) and VGG-11 (Si-
monyan and Zisserman, 2015), which achieve accuracies
of 89.0% and 92.5%, respectively, on CIFAR-10 using
end-to-end training.

5. Results
In our experiments, we use stochastic gradient descent

with momentum (β = 0.9) to optimize both the primal
(non-convex) and convex objectives above for identical-
sized two-layer CNNs. For both, we train for 100 epochs
with batch sizes of 1000, 1, 024 filters of size 6 × 6 each,
a stride of 4, and a learning rate of 0.0001, as suggested by
Tolga Ergen.

5.1. Performance

As noted previously, we are especially interested in the
training loss, and training and test accuracies for the convex
formulation using the non-convex formulation as a baseline.
Our results are presented in Table 1.

Metric Convex Non-convex
Loss (training) 0.3469 0.3735

Accuracy (training) 0.520 0.478
Accuacy (test) 0.5036 0.4474

Table 1: Training loss, and training and test accuracies be-
tween convex and non-convex network formulations.

We see that the convex formulation achieves a lower
training loss than the non-convex formulation (0.3469 for
the convex formulation versus 0.3735 for the non-convex
formulation). Correspondingly, the accuracy achieved by
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the convex formulation (0.520) on the training set is also
higher than that of the non-convex formulation (0.478).
Though these more favorable results on the training set
might reflect overfitting, accuracy results on the test set
suggest otherwise; the convex formulation outperforms the
non-convex formulation by a handy 5.62 percentage points
on the test set.

The speed with which the convex formulation converges
during training is also notable. Figures 1 and 2 reveal dif-
ferences in the training dynamics. In particular, we see that
the non-convex formulation never breaches 0.5 accuracy on
the training set, and that the convex network took only a few
hundred steps before breaching 0.4, whereas the primal for-
mulation took over two thousand to achieve the same per-
formance.

Figure 1: Training loss for primal (non-convex) and convex
formulations.

Figure 2: Training accuracy for primal (non-convex) and
convex formulations.

5.2. Filter visualization

Filter visualization is a common technique for visualiz-
ing learned features of a CNN. To visualize filters, we find

the image that maximizes the activations of that filter. For-
mally, let Ki,j be the function mapping image input X to
the ith filter output at layer j. We have

maximize
X

Ki,j(X) subject to ρmin1n � X � ρmax1n

(4)

where ρmin, ρmax are the minimum and maximum allowed
pixel values, 1n is the all-ones matrix, and the constraint is
elementwise. Though Ki,j is generally non-convex, this is
readily solved using projected gradient descent.

For simplicity, we display filter weights directly for the
two-layer CNNs. These can be thought of as visually simi-
lar to the gradient-ascent based method for the first convo-
lutional layer.2 Note that the convex-formulation network
as detailed in Ergen and Pilanci (2021) has class-separable
weights, so that we have 1, 024 filters for each of the 10
classes in the CIFAR-10 dataset in the convex model (and
1, 024 in total for the non-convex model. Preliminary re-
sults in Figure 3 show that the convex-formulation network
appears to be indexing on color features for classification.

(a) Filter weights, non-
convex model.

(b) Filter weights, convex
model, class 0 (Airplane).

Figure 3: Filter weights

For example, we see that for the example of class 0 (Air-
plane), the class-specific filters in the convex model are
dominated by blue colors, which likely corresponds to the
fact that many training examples in the CIFAR-10 airplane
class feature clear sky backgrounds. Similar color patterns
are visible for the filter weights corresponding to the other
classes (omitted for length). The weight visualization for
the non-convex model is not very interpretable, as no clear
patterns have emerged; since the non-convex model does
not have class-separable weights, this is unsurprising.

6. Next steps
While this milestone shows heartening results produced

by our implementation of the shallow convex network, we

2To see this; note that in the first convolutional layer, the maximizing
patch under convolution must be a multiple of uj . We can summarily
reconstruct the maximal-activation image from the relevant input patches.
Deeper layers require the gradient ascent-based method to recover the max-
imizing input as outlined above.
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still need to polish our implementation of layer-wise train-
ing. In particular, our goal is to scale our implementa-
tion of these shallow convex network via greedy layer-wise
training to match the depth of well-studied deep architec-
tures like the VGG family of models. We also plan to ex-
pand on our visualization analysis by incorporating newer
methods, including more advanced methods like occlusion
mapping (Zeiler and Fergus, 2013) or GradCAM (Selvaraju
et al., 2019). Finally, having shown promising results on
CIFAR-10, we are in the process of building our pipeline to
also produce classification results for other benchmarks like
MNIST (Lecun et al., 1998b) and ImageNet (Deng et al.,
2009).
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